Abstract. We study conditions for a d -Kummer pullback of a Picard-Fuchs equation in a twisted symmetric square of the universal elliptic curve over X 0 (N ) W to be of type D3. Our main result says that the only possible pairs (N, d) are exactly those for which there exists a Fano threefold with one-dimensional Picard group whose index is d and whose anticanonical degree is 2d 2 N. We give some modular formulas for each of these 17 cases, and conclude with a conjecture on counting numbers for the corresponding Fano threefolds.
1. Equation D3. if k = l + 1, a kl · (Dt) l−k+1 , if k < l + 1.
We will also assume that the set a ij is symmetric with respect to the SW-NE diagonal:
. Here det right means the "right determinant". It expands as element · its algebraic complement, the summation being over the rightmost column. The algebraic complements are in turn right determinants.
Since the rightmost column is divisible by D on the left, the resulting operator L is divisible by D on the left. Put L = DL. The differential equation L Φ(t) = 0 will be called the determinantal equation of order N. Warning. In this section N stands for level. It is not the N of the previous section, which denoted the order of a differential operator.
The following construction was described in [8] .
2.1. Consider the modular curve X 0 (N) with a coordinate t on it, and a "universal elliptic curve" over it. The universal elliptic curve is a fibration not over X 0 (N) but over some covering, say Galois with Galois group Γ , over it, e.g. X(3N) − {cusps}, so one can choose a Γ -form of the universal elliptic curve; call it a "universal elliptic curve" and denote E t . Let W denote the Atkin-Lehner involution on X 0 (N) . Consider the fibered product of E t by the N -isogenous "universal elliptic curve" E W t over X 0 (N) and take the quotient of the resulting relative abelian surface by the morphism (−1); denote it by V t It can be checked that the result will not depend on the initial choice of the "universal elliptic curve". In particular, a representation
is correctly defined. Here X 0 (N)
• stands for X 0 (N) − {cusps} − {elliptic points} We are going to compute ψ in terms of the tautological projective representation
The monodromy that acts in the H 1 of the fiber of the "universal elliptic curve" is given by a lift of φ to a linear representation
Then, the monodromy that acts in H 1 of the fiber of the isogenous curve is
We have chosen symplectic bases e 1 , e 2 ,
) in such a way that the matrix of the isogeny W is the standard 0 1
The cohomology ring of the generic fiber V t 0 of our relative abelian surface is
). The algebraic classes in H 2 (V t 0 ) are generated as a vector space by the pullbacks from the factors and the graph of the isogeny:
These classes are monodromy-invariant. The orthogonal lattice of transcendental classes is generated by
In this basis the monodromy representation is
Finally, delete the W -invariant points from X 0 (N)
• and let X 0 (N) W • be the quotient. The involution W extends to the fibration V t in an obvious way, and yields a family
• ) and a loop ι around the point that is the image of a point s on the upper halfplane stabilized by 0 1
The resulting representation is the monodromy representation of the family
Let now N be such a level that the curve X 0 (N) W is rational. We choose a coordinate T on it so that T = 0 at the image of the cusp (i∞); this defines an immersion of the torus ι :
be the Kummer covering of degree d, given by the homomorphism T → t d . A pullback of the variation described above (that is, a pullback of the family itself, or the monodromy representation, or the D -module, depending on the context) to G m will be called the (N,
In the case N = 1 the construction is modified, since the "Atkin-Lehner involution" 0 1 −N 0 acts trivially on X 0 (N). 
3.3.
We are only going to give a sketch of proof for the case d = 1 in this announcement. Assume from now on that d = 1. Assume N = 1. We make the following remarks: 1) Any ramification point of the quotient map
goes to a singularity of an (N, 1) -modular variation. The corresponding local monodromy is projectively (dual to) the symmetric square of the element in Γ 0 (N) + N that stabilizes this ramification point. This element is elliptic or cuspidal, therefore its symmetric square cannot be a scalar.
2) Any elliptic point or a cusp point p on X 0 (N) goes to a complex or very complex point σ(p) on X 0 (N) W . If σ(p) were an apparent singularity or a simple singularity, then the local monodromy around p would vanish, which is precluded by the reason given above in 1).
3) The point s on the upper halfplane is neither elliptic nor a cusp. It goes to a simple point on X 0 (N) W . We defined the monodromy ι(image of s) in the previous section to be a reflection. (N, 1) -modular, then its set of non-zero singularities consists of either 4 simple points, or of 1 complex and 2 simple points, or of 1 very complex and 1 simple point. The non-zero singularities of a D3 equation are inverse to roots of a polynomial of degree 4, as can be seen from the expansion in Example 1.3. It has one simple singularity, according to 3). Any singularity of multiplicity 1 is simple. A singularity of multiplicity 3 is very complex because the determinant must be −1 and it cannot be simple (otherwise the global monodromy would be generated by two reflections and therefore would be reducible).
4) If a D3 equation is
5) Genus g of X 0 (N) is related to the numbers of elliptic points ν 2 and ν 3 of order 2 and 3 on X 0 (N) by the formula
This is Proposition 1.40 from [13] . These remarks show that g ≤ 1, (otherwise the variation would have at least 6 singularities according to 1)); that if g = 1 , then all of the singularities are simple (this is from 1) and 4)) and ν 2 = 0, ν 3 = 0, ν ∞ = 2 so N = 11 ; and that if g = 0, then N < 12 (otherwise there would be too many singularities, which would contradict 2) and 4) ). The last argument also shows that N = 10, as in this case ν 2 = 2 and 
3.5.
The easiest way that I know to check this fact is to exhibit explicitly the Qexpansions (see below) of the coordinate T on X 0 (N) and of a section Φ of the line bundle π * Ω 2 E/X 0 (N ) W of fibrewise differential 2-forms. In order to do this we introduce some terminology.
3.6.
Coordinate T on G m ′ . The Conway-Norton uniformizers. Choice of a cusp (i∞) determines the q -expansion of the coordinate on the curve X 0 (N) W uniquely up to some constant term (which we denote indiscriminately by c below).
One has q = Q d and T −1 = t −d = (some) Conway-Norton uniformizer. For the next table we put i = q i/24
(1 − q in ). In [3] one finds the q-expansions of the ConwayNorton uniformizers for the levels that we will need: In most of the cases, the form Φ will be expressed as a finite linear combination of "elementary 'Eisenstein series'
A sequence e 1 , e 2 , e 3 , . . . determines the Eisenstein series e j E 2,j (Q).
We use notation Φ = e 1 · 1 + e 2 · 2 + . . . in the third column of the tables 3.10.
The Verrill integral. Weighted Eisenstein series
In most of the cases the "Verrill integral" [14] will be represented as a finite linear combination of "elementary Eisenstein series"
A sequence f 1 , f 2 , . . . determines the expansion
We use notation V = f 1 · 1 + f 2 · 2 + . . . in the fourth column of the tables 3.10.
3.9. Function I . Eta-products. By definition,
12
. Function I will be a finite product of series of the form H
(1 − Q jn ). We use notation V = 1 h 1 2 h 2 · . . . . in the fifth column of the tables 3.10. (1, 2), (2, 2), (3, 2), (4, 2), (5, 2), (3, 3) , (2, 4) . In other words, the set of all admissible pairs in the Iskovskikh classification is exactly the set in the answer to the problem of section 3.
4.2.
We recall the construction of parameters a ij of the counting D3 given a Fano threefold X with one-dimensional Picard lattice:
· (j − i + 1) · the number of maps P 1 → X of degree j − i + 1 that send 0 to the class of H 3−i and ∞, to the class of H j .
The degrees of the variety and of curves on it are considered with respect to H.
4.3.
Conjecture. The counting matrix of a generic Fano threefold in an Iskovskikh family lies in the same class with the corresponding matrix in the tables of section 3.
K3's rather than to an ambient space. To me this would make more sense, but I do not know how to realize it.
I will post an update as soon as we are through with the remaining cases.
4.5. Remark. If the conjecture is true then there is a mysterious relation between varieties of different index, implied by Remark 3.11.
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